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REFRACTIVE EFFECTS ON RANGE MEASUREMENTS 

bY 
J. J. Freeman 

J. J. Freeman Associates, Inc. 

SUMMARY 

A formula for the tropospheric contribution to the electro- 
magnetically measured range is evolved which depends upon the 
measured value of the surface refractivity and certain average 
site characteristics. The predictions of this formula were tested 
against 77 ray-tracings of refractivity profiles measured with 
radiosondes a t  thirteen different sites. The rms  e r ro r  in pre- 
dicted compensation for tropospheric refraction effects on range 
measurements varied approximately from 1 m at a target 
elevation angle of 20 m r  (mi1liradia;ls) (approx. 1") to  0.03 m 
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b bending angle, the angular difference between the tangent to a radio ray at a given 
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predicted value of TRAg0o obtained from TRA~~O,, = A + BN, , where A and B are constants 
for each site 

a variable lying between 0 and 1. 

slant range elevation angle at a distance r from the earth's center 

slant range elevation angle at the earth's surface; the complement of the angle 
between the zenith and the slant range at the surface 

elevation angle at a distance r from the earth's center of the straight line whose 
elevation angle a t  the surface is yo. 

elevation angle of a straight approximation to a radio ray lying between 8, and 8,. 
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REAL-TIME COMPENSATION FOR TROPOSPHERIC RADIO 
REFRACTIVE EFFECTS ON RANGE MEASUREMENTS* 

by 
J. J. Freeman 

J. J. Freeman Associates, Inc. 

INTRODUCTION 

The delay incurred by a radio wave between point 0, on the earth's surface, and point 1, above 
the troposphere, is 

The electromagnetically determined range Re between 0 and 1 is 

the integral extending over the curved ray path (Figure 1). Here c is the velocity of light in 
vacuo, n is the index of refraction, and s signifies length. The true or slant range between 0 and 
1 is 

R, = d s  , 

the integral being taken along the geometric line joining 0 and 1. The contribution to the measured 
range arising from the refractivity is 

*A condensed version of this paper was presented at the Tropospheric Refractive Effects Meetings, Mitre Corp., Bedford, Mass., Novem- 
her 13-14, 1963, under the title "The Real Time Compensation for Tropospheric Effects on the Measurement of Range and Range Rate," 
and this earlier version was published in Vol. I1 of the Proceedings in April 1964. 
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This paper derives and evaluates a formula which 
predicts in real time from available ground data the static 
o r  slowly varying part of AR arising from the troposphere, 
for a target above the troposphere. The problem may be 
stated more specifically as follows: Surface refractivity 
N, , the apparent o r  measured target elevation angle 8,, and 
the apparent o r  measured range Re are given. From these 
data the adjustment AR, which is subtracted from R e  to 
yield R,, is estimated. 

AN APPRCXIMATE FORMULA FOR h R  

The range increment AR arises from the increase in 
path length due to both the curvature of the ray path and 
the decreased wave propagation velocity through the 
medium. However, it can be shown that the partial con- 
tribution (Reference 1) t o m  arising from the increase in 

Figure 1 -Geometry of the ray path. 

path length is of the second order inn - 1 ,  whereas the contribution arising from the decrease 
in wave velocity is of the first order in n - 1 .  As a first approximation, 

AR = g ( n - 1 ) d s  , 

where the integral is now taken along the slant range path. This mathematical stratagem permits 
the direct integration of the value of AR when n - 1 has a simple functional dependence on height. 

It is reasonable to assume (References 2-4) that the distribution of N = ( n  - 1)  x 106 is 
approximately 

where d is a parameter, N, is the surface refractivity at a locality which is height h, above sea 
level, and h designates the altitude of an arbitrary point above sea level. Then Equation 2 may be 
integrated explicitly to yield (Reference 5) 
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where 

and 

Here ro is the distance from the earth's center to the surface, E, is the slant range elevation 
angle at the ground (Figure l), and all lengths are expressed in kilometers. For large g Equa- 
tion 4 has the asymptotic expansion 

IMPROVING THE APPROXIMATION 

Although Equation 4 is a fair approximation of the tropospheric range contribution for an 
exponential atmosphere, it is consistently too high, the excess increasing as the ray elevation 
angle decreases. The reason* is that the slant range 
path of integration on which ~ d s  was computed is 
always below the true ray path; since N decreases 
with height, the values of N used in the integral are  
always toolarge. This results in an upper limit to the 
true value. On the other hand, integrating N dsalong 
the straight line having the apparent direction of the 
target yields too small a value. Accordingly, some 
line lies between e ,  and p,-along which ~ d s  most 
closely approximates the same integral taken along 
the ray path (Figure 2); the surface elevation of the 
line yo l ies s o  m e w h e  r e between e, and Po. Or 

1 1  I 

I 

Yo = 6, - a(eo - P o )  7 

where a is some number, lying between 0 and 1, 
which will be empirically determined. Since for integration (dotted line). 

Figure 2-Geometry of the path of 

'Mt. G .  D. Thayer of the National Bureau of Standards, Boulder, Colorado, pointed this out. 
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distant targets (above 160 km) the bending angle b (see Figure 1) approximates 0, - P o ,  then 
yo  = 8, - ab. The following section derives an analytic approximation for b. 

COMPUTING THE RAY BENDING * 

Along a r ay  path, from Fermat's principle (Reference 7)  

where i -1 1, 2, 3 .  Expressed vectorially, 

d dit dn ds (nit) = On = n T t  i t  ds I 

where i t  is the unit vector tangent to the ray path. But 

where i n  is the unit principal normal, and K is the curvature, Le., the arc-rate of rotation of the 
tangent. Since the bending angle b between two points on the path is defined as the angle the 
tangent has rotated through in traveling between the two points, 

db . dn 
On = "xin t i t =  

Since it  and i n  a r e  normal to each other, 

db 1 . 
& = -  i n  * Vn = in * D l n n  

Integration gives 

b = !in * V l n n d s  . 

'See Reference 6. 
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Since n = 1 + N , then, to terms of the f i rs t  order in n - 1, 

From Figure 1, if N is a function only of r , the radial distance from the earth's center, 

where : is the complement of the angle between the ray and the radius vector, Le., the ray ele- 
vation at  r ,  i . 

Since any straight line between the slant range path and the ray path differs only slightly from 
the latter, the integral will be evaluated along this straight line path, expressed in polar coordinates, 

r cos y = r o  cosyo constant, 

where 'j. is the elevation angle of the path at distance r from the earth's center. Accordingly, the 
integral along this path reads 

b = r o c o s i . o ~ ~ ~  1 d N  ds 

If it is assumed that N is given by Equation 3, then Equation 7 becomes 

b - r o d  cosyo j r o N +  ~ h ds 

To an accuracy of 1 percent, ro / ( ro  + h)  R= 1, so that Equation 8 simplifies to 

b - d c o s y o  Nds I 
where the integral extends from a point on the earth's surface to a point above the troposphere. 
By substituting the value of ~ d s  from Equation 4 into Equation 9, 

(9) 
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where 

g having been defined by Equation 5. 

DETERMINATION OF THE PARAMETER d 

The remaining problem is to determine the parameter d which occurs in the expression for 
the tropospheric contribution to the range AR, which will be abbreviated TU, "Tropospheric Range 
Adjustment." 

For a target at 90 degrees elevation, from Equation 6 

soathat if joa N(h) dh is known, then d is fixed. For a given station, the fractional variation in 
N(h) dhis  one half to one fourth as great as the fractional in N s .  Accordingly, as a f i rs t  

dh averaged over many approximation, we may compute m,,~, the mean value of 
profiles for a given site, considering i t  as a site constant (Reference 8). The parameter d is then 
determined from 

The accuracy of this procedure, which for brevity will be designated "Method I," was tested 
against a set of 77 refractive index profiles furnished by the Boulder Laboratories of the National 
Bureau of Standards. These refractive index profiles were determined from radiosonde measure- 
ments taken at thirteen different weather stations covering a wide range of geographical con- 
ditions. Six types of profiles for each station (except one) were chosen by the Boulder Laboratories 
in order to include an extreme variety of profile behavior. The profile types a r e  described in 
Reference 9 and are plotted in Figure 3, as well as in Figure 41 of Reference 10 which describes 
a different method of attack on the problem of range compensation. Each ray-tracing gave N(h), 

slant range, the difference angle E = e, - ,Bo, and TRA as a function of target height for various 
initial elevation angles from 0 to 1.500 radians. 

The values of the ray-traced T R A Q O o  in meters for each profile of the thirteen different 
stations (at a height above 160 km) a r e  entered in the column 12 of Table I, under the subheading 
"Method I" which designates the procedure of averaging the TRA,,. to determine the site constant 
m , , o .  The predicted values of TRA,,o are entered in the column 11, and the r m s  prediction 
e r ro r  in meters for  each station is entered immediately below. 
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? Io' '00 To '? ABSCISSA SCALE, CURVE A 

? '90 2? 30' '?' ABSCISSA SCALE, CURVE B 

? lo' '0' To '9' ABSCISSA SCALE, CURVE C 

? '00 2oo 30' '? ABSCISSA SCALE, CURVE D 
0 '00 '0' 300 '?' ABSCISSA SCALE, CURVE E 

? I?' 2oo 300 4?0 ABSCISSA SCALE, CURVE F 
REF RACTl VI TY 

Figure 3-Refractivity vs. height for 6 profile types taken a t  Station 12839. (Note that a super- 
refractive profile i s  one containing a gradient 100 N-units per km but less than 157N-units per km. 
A ducting profile i s  one containing a gradient exceeding 157 N-units per km.) 

A second method, designated "Method II," for finding TRqgOo, (and hence determining d from 
Equation 12) assumes a linear relationship between TRA,,o and N, . 

By assuming 

the values of A and B were determined for each station, by the method of least squares, from the 
measured values of TRAgo0 and N, available from the 5 profile types enumerated in Table I. The 
values of l"RApoo, p ,  the predicted value of mgo0, are tabulated in the column 11 of Table I under 
the subheading "Method 11" for each of the thirteen stations analyzed. 
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Table I 

Predicted and Measured TRA Values. (The measured TRA values tabulated under "hIeas." \vere olitained from 
the Boulder Laboratories, National Bureau of Standards, who ray-traced the refractivity profiles measured 

by radiosondes at the thirteen sites.)  

STATIOS 14764 

Method I 

TR.4 fo r  
- = 100 m r  
Pred. Meas. 

23.08 23.30 
22.76 22.07 
23.01 23.60 
23.01 22.62 
22.96 23.02 

Profile 
TRA for 

- , = 200 mr 
Pred. Meas. 

12.09 12.33 
12.05 11.70 
12.03 12.30 
12.08 11.98 
12.08 12.19 

r m s  

TRA for TRA for 
E , =  20 mr 
Pred. Meas. Pred. Mens. 

€, = 50 m r  Profile Ns 

1 357.5 70.61 69.92 41.16 40.63 
3 315.0 64.08 64.34 38.25 38.31 
4 345.0 68.69 69.63 40.35 41.03 
3 347.5 69.03 67.56 40.48 39.38 
6 342.0 68.22 40.11 40.00 

r m s  0.88 0.63 

TRA for 
C-, = 2 0  m r  

N s  ! Pred. XIeas. 

TRA for TRA for 
5, = 100 m r  
Pred. Meas. Pred. hleas .  

23.57 23.30 12.33 12.3:; 
21.82 22.07 11.66 11.70 
23.10 23.60 12.13 12.50 
23.12 22.62 12.17 11.98 
22.96 23.02 12.09 12.19 

5, = 200 m r  

0.36 0.19 

TRA for -, = 30 mi' 
Pred. Meas. 

TR4 fo r  TRA f o r  TR4 for TRA for 
5, = 20 mr :, = 5 0  m r  5, = 100 m r  2 ,  = 200 mi. Profile N S  
Pred.  Meas. Pred. Meas. Pred. bIeas. Pred. Meas. 

1 367.0 69.46 71.08 40.21 40.96 22.75 23.37 11.89 12.33 

3 309.5 64.09 63.27 38.55 37.74 22.37 21.76 11.84 11.53 

4 307.5 63.89 62.24 38.51 37.16 22.36 21.49 11.84 11.11 

5 363.0 69.89 70.88 40.15 40.97 22.74 23.47 11.89 12.42 

6 346.0 67.90 67.07 40.18 39.13 22.62 22.50 11.87 11.93 

r m s  1.24 0.98 0.64 0.40 

40.51 40.63 
39.27 38.31 
40.16 41.03 
40.24 39.38 
40.08 40.00 

0.69 

TR4 fo r  

Pred. Meas. 

2.42 2.50 
2.42 2.34 
2.42 2.32 
2.42 2.52 
2.42 2.42 

-, ~ 90  

0.08 

TRA for TRA fo r  TRA for TRA fo r  
8, = 2 0  m r  e ,  = 50 m r  0, = 100 mi- 8, = 200 m r  
Pred. Meas. Pred. Meas. Pred. Meas. Pred. Meas. 

Profile Ns 

1 367.0 71.60 71.08 41.38 40.96 23.52 23.37 12.32 12.35 
3 309.5 62.74 63.27 37.47 37.74 21.66 21.76 11.39 11.33 
4 307.5 62.30 62.24 37.22 37.16 21.52 21.49 11.36 11.41 
5 365.0 71.29 70.88 41.24 40.97 23.43 23.47 12.29 12.42 
6 346.0 68.27 67.07 39.92 39.13 22.81 22.30 11.98 11.93 

rrns 0.65 0.43 0.16 0.09 

0.45 0.28 I 

TRA for 

Pred. Meas. 

2.31 2.30 
2.33 2.34 
2.32 2.32 
2.30 2.32 
2.44 2.42 

e ,  = 900 

0.04 

TRiz for  
.. -- 9 0" 

Pred. Xleas. 
0 

2.46 2.50 
2.46 2.37 
2.46 2.33 
2.46 2.43 
2.46 2.47 

0.06 

TR4 f o r  
.z = 90" 

Pred. ' 0  L l e n s .  

2.31 2.50 
2.35 2.37 
2.47 2..5:3 
2.48 "43 
2.46 2.47 

0.04 
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Table I (continued) 

Predicted and Measured TRA Values. (The measured TRA values tabulated under "Meas." were obtained from 
t h e  Boulder Laboratories, National Bureau of Standards, who ray-traced the refractivity profiles measured 

by radiosondes at  the thirteen sites.) 

STATION 12839 

Method I 

Ns 

376.5 
333.6 
360.0 
379.5 
358.5 

Profile 
TRA f o r  T R A  fo r  TRA for TR4 for 

8, = 20 m r  
Pred. Meas. Pred. Meas. Pred. Meas. Pred. Meas. 

72.96 73.29 41.92 42.20 23.75 24.12 12.42 12.76 
68.37 67.62 40.67 40.09 23.47 23.13 12.38 12.28 
71.18 70.14 41.45 40.78 23.64 23.40 12.40 12.40 
73.29 72.52 42.01 41.43 23.77 23.60 12.42 12.46 
71.02 70.14 41.40 40.79 23.63 23.40 12.40 12.39 

8, = 50 m r  B o  = 100 m r  6, = 200 m r  

0.78 0.56 0.28 0.16 r m s  

TRA for  
8, = 20 m r  
Pred. Meas.  

73.32 73.29 
67.74 67.62 
71.15 70.14 
73.72 72.52 
70.95 70.14 

0.79 

TRA for  
6, = 50 m r  
Pred. Meas. 

42.20 42.20 
40.16 40.09 
41.42 40.78 
42.35 41.43 
41.35 40.79 

0.56 

Method I1 T R A 9 0 n , D  = 0.0014149 Ns + 2.0148 

TRA for  TRA for  
8, = 20 m r  8, = 50 m r  Prof i 1 e N s  
Pred. Meas.  Pred. Meas .  

1 344.0 68.55 69.28 40.25 40.75 
3 297.5 61.45 62.32 37.07 37.53 
4 350.0 69.49 69.28 40.67 40.52 
5 336.0 67.31 65.85 39.71 38.71 
6 370.5 72.72 72.14 42.07 41.60 

r m s  0.87 0.58 

TRA for TR4 for TRA for  

Pred. Meas. Pred. Meas.  Pred. Meas. 

23.06 23.40 12.20 12.38 2.47 2.51 
21.54 21.70 11.46 11.51 2.33 2.34 
23.25 23.27 12.30 12.32 2.49 2.50 
22.80 22.32 12.07 11.84 2.45 2.40 
23.92 23.75 12.62 12.55 2.55 2.54 

0.28 0.13 0.03 

8, = 100 m r  8, = 200 m r  8, = 90" 

TRA for 
8, = 100 m r  
Pred. Meas.  

23.93 24.12 
23.13 23.13 
23.62 23.40 
23.99 23.60 
23.60 23.40 

0.23 

STATION 13742 

Method I 

TRA for 

Pred. Meas. 

2.53 2.59 
2.53 2.49 
2.53 2.52 
2.53 2.52 
2.53 2.51 

e, = 900 

TRA for  
8, = 200 m r  
Pred. Meas. 

12.52 12.76 
12.19 12.28 
12.40 12.40 
12.54 12.46 
12.38 12.39 

TR4 fo r  

Pred. Meas. 

2.55 2.59 
2.49 2.49 
2.52 2.52 
2.55 2.52 
2.52 2.51 

6, = 90" 

0.12 1 0.02 

344.0 
297.5 
350.0 
336.0 
370.5 

I 

r m s  I 

TRA for  
6, = 20 m r  
Pred. Meas.  

68.67 69.28 
63.45 62.32 
68.96 69.28 
67.50 65.85 
71.15 72.14 

1.05 

TRA for 
8, = 50 m r  
Pred. Meas. 

40.06 40.75 
38.67 37.53 
40.26 40.52 
39.85 38.71 
40.83 41.60 

0.86 

TRA for 
8, = 100 m r  
Pred. Meas.  

22.95 23.40 
22.61 21.70 
22.98 23.27 
22.89 22.32 
23.12 23.75 

0.72 

TRA for 
eo = 200 m r  
Pred. Meas. 

TRA for 

Pred. Meas .  
0, = 90" 

12.13 12.38 
12.08 11.51 
12.14 12.32 
12.12 11.84 
12.15 12.55 

2.46 2.51 
2.46 2.34 
2.46 2.50 
2.46 2.40 
2.46 2.54 

0.35 I 0.08 
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Table I (continued) 

Predicted and Measured TRAValues. (The measured TRA values tabulated under "Meas." were obtained from 
the Boulder Laboratories, National Bureau of Standards, who ray-traced the refractivity profiles measured 

by radiosondes at the thirteen sites.) 

STATION 12921 

Method I 

Profile 

1 
3 
4 
5 
6 

r m s  

TRA for  
8, = 100 m r  
Pred. Meas. 

N s  

366.0 
301.5 
335.5 
375.5 
359.0 

TRA for 
8, = 200 m r  
Pred. Meas. 

23.09 23.31 
22.63 21.73 
22.89 22.47 
23.15 23.74 
23.04 23.35 

TRA for 

Pred. Meas. 
e, = goo 

12.08 12.31 
12.02 11.53 
12.05 11.91 
12.08 12.53 
12.07 12.34 

TRA for  
8, = 5 0 m r  
Pred. Meas. 

40.71 40.83 
38.78 37.55 
39.84 39.02 
40.97 41.66 
40.51 40.83 

2.51 2.49 
2.34 2.34 
2.43 2.42 
2.53 2.54 

~ 2.49 2.50 

TRA for  
8, = 20 m r  
Pred. Meas. 

70.68 70.81 
63.87 62.47 
67.45 66.31 
71.68 72.58 
69.93 70.33 

0.08 0.01 

2.46 2.49 
2.46 2.34 
2.46 2.42 
2.46 2.54 
2.46 2.50 

0.07 

12.29 12.54 
12.28 11.95 
12.29 12.94 
12.29 12.58 
12.28 11.71 

2.51 2.54 
2.51 2.42 
2.51 2.64 
2.51 2.55 
2.51 2.38 

r m s  1.57 1.19 0.77 0.45 0.09 

340.0 
323.5 
339.5 
337.0 
330.0 

69.90 69.66 
65.48 65.87 
69.77 69.24 
68.99 69.61 
66.87 64.74 

r m s  1.04 0.70 0.40 

0.92 0.75 0.55 1 0.34 
I 

Method II TRA90~,p = 0.0026478 Ns + 1.5378 

TRA for 
8, = 200 m r  
Pred. Meas. 

TRA for  

Pred. Meas. 
0, = 90" 

TRA for  
8, = 100 m r  
Pred. Meas. 

TRA for  
8, = 50 m r  
Pred. Meas. 

41.37 40.83 
37.25 37.55 
39.42 39.02 
41.97 41.66 
40.92 40.83 

0.36 

NS 
8, = 20 m r  
Pred. Meas. 

71.50 70.81 
61.94 62.47 
66.93 66.31 
72.95 72.58 
70.44 70.33 

Profile 

1 
3 
4 
5 
6 

23.51 23.31 
21.64 21.73 
22.62 22.47 
23.79 23.74 
23.31 23.35 

12.32 12.31 
11.43 11.53 
11.90 11.91 
12.45 12.53 
12.22 12.34 

366.0 
301.5 
335.5 
375.5 
359.0 

0.13 r m s  

STATION 23236 

Method I 

TRA for 
8, = 200 m r  
Pred. Meas. 

TRA for 

Pred. Meas. 
0, = 90" 

TRA for  
8, = 20 m r  
Pred. Meas. 

TRA for  
8, = 100 m r  
Pred. Meas. 

23.34 23.69 
23.22 22.55 
23.33 24.19 
23.32 23.77 
23.27 22.06 

TRA for  
8, = 50 mr 
Pred. Meas. 

40.60 41.22 
40.10 39.14 
40.58 41.38 
40.51 41.31 
40.30 38.19 

Profile NS 

340.0 
323.5 
339.5 
337.0 
330.0 

68.72 69.66 
66.97 65.87 
68.66 69.24 
68.45 69.61 
67.66 64.74 

Profile r- TRA for 
8, = 200 m r  
Pred. Meas. 

TRA for 

Pred. Meas. 
8, = 90" 

TRA for  

41.55 41.22 
38.91 39.14 
41.47 41.38 
40.98 41.31 
39.67 38.19 

23.96 23.69 
22.43 22.55 
23.91 24.19 
23.63 23.77 
22.85 22.06 

12.65 12.54 
11.82 11.95 
12.62 12.94 
12.47 12.58 
12.04 11.71 

2.58 2.54 
2.38 2.42 
2.57 2.64 
2.54 2.55 
2.46 2.38 

0.23 0.05 
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Table I (continued) 

Predicted and Measured TRA Values. (The measured TRA values tabulated under "Meas." were obtained from 
the Boulder Laboratories, National Bureau of Standards, who ray-traced the refractivity profiles measured 

Profile 

1 
3 
4 
5 

r m s  

TRA for  TRA for TRA for  TRA for  
8, = 20 m r  
Pred. Meas. Pred. Meas. Pred. Meas. Pred. Meas. 

8, = 50 m r  8, = 100 m r  8, = 200 m r  N* 

280.0 53.58 54.97 31.70 32.84 18.39 19.00 9.69 10.09 
249.5 50.72 49.72 20.86 29.98 18.02 17.36 9.66 9.22 
255.0 51.24 51.06 31.02 30.84 18.06 17.90 9.67 9.51 
267.0 52.36 52.35 31.35 31.45 18.14 18.24 9.68 9.69 

0.90 0.73 0.46 0.31 

Profile 

1 
3 
4 
5 

r m s  

TRA for  

Pred. Meas. 
e, = 900 

______ 

TRA for TRA for TRA for  TRA for  
8, = 20 m r  
Pred. Meas. Pred. Meas. Pred. Meas. Pred. Meas. 

8, = 50 m r  8, = 100 m r  8, = 200 m r  N S  

280.0 55.20 54.97 32.98 32.84 19.05 19.00 10.17 10.09 
249.5 49.63 49.72 30.01 29.98 17.45 17.36 9.33 9.22 
255.0 50.63 51.06 30.70 30.84 17.74 17.90 9.48 9.51 
267.0 52.81 52.35 31.71 31.45 18.37 18.24 9.82 9.69 

0.34 0.16 0.11 0.09 

1.96 2.05 
1.96 1.87 
1.96 1.93 
1.96 1.97 

Profile 

1 
3 
4 
5 
6 

r m s  

0.06 

TRA for TRA for TRA for  TRA for  TRA for  

Pred. Meas. Pred. Meas. Pred. Meas. Pred. Meas. Pred. Meas. 
Ns 8, = 20 m r  Bo = 50 m r  8, = 100 m r  8, = 200 m r  e, = 90" 

266.0 52.74 52.56 31.69 31.59 18.38 18.31 9.72 9.72 1.98 1.97 
237.0 49.97 50.54 30.85 31.07 18.16 18.14 9.69 9.65 1.98 1.96 
278.0 53.87 53.04 32.02 31.56 18.45 18.24 9.73 9.67 1.98 1.96 
254.0 51.60 50.99 31.35 30.97 17.79 18.07 9.71 9.63 1.98 1.96 
286.0 54.62 55.16 32.23 32.88 18.52 19.07 9.74 10.14 1.98 2.06 

0.58 0.41 0.29 0.19 0.04 , 

TRA for  

Pred. Meas.  
e,= 90" 

Profile 

1 
3 
4 
5 
6 

r m s  

2.05 2.05 
1.89 1.87 
1.92 1.93 
1.98 1.97 

TRA for  TRA for  TRA for  TRA for  TRA for  

Pred. Meas. Pred. Meas. Pred. Meas. Pred. Meas. Pred. Meas.  
N s  8, = 2 0 m r  e,= 5 0 m r  8, = 100 m r  8, = 200 m r  e, = 90" 

266.0 52.38 52.56 31.73 31.59 18.42 18.31 9.74 9.72 1.99 1.97 
237.0 49.34 50.54 30.35 31.07 17.83 18.14 9.50 9.65 1.94 1.96 
278.0 54.21 53.04 32.29 31.56 18.64 18.24 9.83 9.67 2.00 1.96 
254.0 51.35 50.99 31.16 30.97 18.19 18.07 9.64 9.63 1.97 1.96 
286.0 55.16 55.16 32.65 32.88 18.79 19.07 9.90 10.14 2.02 2.06 

0.77 0.48 0.27 0.15 0.03 

0.01 

STATION 23062 
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TRA f o r  TRA f o r  
8, = 20 mr  8, = 50 m r  P r o f i l e  N s  
Pred. M e a s .  Pred. M e a s .  

1 322.5 63.60 62.99 37.48 37.05 
3 295.0 60.80 59.45 36.68 35.51 
4 314.5 62.79 64.40 37.25 38.40 
5 341.5 65.54 65.46 38.01 38.09 

~6 318.0 63.14 62.99 37.35 37.27 

r m s  0.98 0.76 

TRA f o r  TRA f o r  TRA f o r  
8, = 100 mr  8, = 200 mr  e, = 90" 
Pred. M e a s .  Pred. M e a s .  Pred. M e a s .  

21.51 21.31 11.32 11.28 2.31 2.29 
21.32 20.48 11.29 10.86 2.31 2.20 
21.45 22.14 11.31 11.73 2.31 2.38 
21.63 21.90 11.33 11.60 2.31 2.35 
21.48 21.49 11.31 11.40 2.31 2.31 

0.51 0.30 0.06 

TRA f o r  
Bo = 200 m r  
Pred. M e a s .  

11.38 11.28 
10.98 10.86 
11.28 11.73 
11.66 11.60 
11.31 11.41 

0.25 

TRA f o r  

Pred. M e a s .  

2.32 2.29 
2.24 2.20 
2.30 2.38 
2.37 2.35 
2.31 2.31 

0, = 90" 

0.04 

N s  

390.5 
309.5 
320.0 
337.0 
340.0 

T R A  f o r  TRA f o r  TRA f o r  
8, = 50 m r  e ,  = 20 m r  

Pred. M e a s .  Pred. M e a s .  Pred. M e a s .  

73.84 74.10 42.41 41.95 23.90 23.81 
62.83 63.75 37.90 38.12 21.94 22.00 
64.23 65.30 38.49 38.88 22.18 22.43 
67.05 66.61 39.45 39.09 22.61 22.46 
67.46 66.47 39.61 38.97 22.68 22.44 

Bo = 100 mr 

0.80 0.44 0.18 

TRA f o r  
19, = 20 m r  
Pred. M e a s .  

TRA f o r  
0, = 50 m r  
Pred. M e a s .  

TRA f o r  
0, = 100 m r  

20.77 20.48 
21.40 22.14 
22.20 21.90 
21.48 21.49 

I I Ns 
63.81 62.99 
59.77 59.45 
62.69 64.40 
66.66 65.46 
63.17 62.99 

37.64 37.05 
35.85 35.51 
37.17 38.40 
38.89 38.09 
37.35 37.27 

322.5 
295.0 
314.5 
341.5 
318.0 

r m s  1.02 0.73 0.40 
~ 

STATION 14834 

Method I 

I Ns 
P r o f i l e  

TRA f o r  
8, = 20 m r  
Pred. M e a s .  

TRA f o r  
8, = 50 mr  
Pred. M e a s .  

TRA f o r  
8, = 100 mr  
Pred. M e a s .  

e, = 900 
Pred. M e a s .  

2.43 2.37 
2.43 2.41 
2.43 2.41 
2.43 2.41 

Bo = 200 m r  
Pred. M e a s .  

11.89 11.67 
11.90 11.89 
11.92 11.89 
11.92 11.90 

I 
73.64 74.10 
64.26 63.75 
65.37 65.30 
67.15 66.61 
67.45 66.47 

40.99 41.95 
38.68 38.12 
39.01 38.88 
39.51 39.09 
39.59 38.97 

23.10 23.81 
22.46 22.00 
22.54 22.43 
22.66 22.46 
22.67 22.44 

390.5 
309.5 
320.0 
337.0 

6 340.0 

r m s  
1 

0 . 5 9  I 0.60 I 0.41 I 0.29 1 0.06 1 
Method  I1 TRA,,O,~ = 0.0020427 NS + 1.7359 

TRA f o r  
0, = 200 mr  
Pred. M e a s .  

e, = 900 
Pred. TRAfor M e a s .  I P r o f i l e  

1 

12.47 12.55 
11.59 11.67 
11.71 11.89 
11.92 11.89 
11.93 11.90 

2.53 2.54 
2.37 2.37 
2.39 2.41 
2.42 2.41 
2.43 2.41 

1 

r m s  0.10 0.01 I 
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Profile 

1 
3 
4 
5 
6 

r m s  

13 

TRA for TRA for TRA for TRA for TRA for 
N* Bo = 20 m r  8, = 50 m r  8, = 100 m r  8, = 200 m r  8, = 90" 

Pred. Meas. Pred. Meas. Pred. Meas. Pred. Meas. Pred. Meas. 

336.5 66.32 66.43 38.89 39.07 22.26 22.49 11.80 11.92 2.38 2.42 
315.0 64.10 63.86 38.26 37.93 22.11 21.82 11.79 11.55 2.38 2.34 
326.0 65.24 65.07 38.80 38.49 22.19 22.17 11.80 11.75 2.38 2.38 
337.0 66.37 66.05 38.90 38.85 22.26 22.45 11.81 11.92 2.38 2.42 
323.0 64.93 64.31 38.50 38.04 22.17 21.91 11.79 11.61 2.38 2.36 

0.03 
~ ~ 

~~~ 

0.15 
~ _ _ _ _ _  

0.34 0.30 0.22 

Profile NS 

1 336.5 
3 315.0 
4 326.0 
5 337.0 
6 323.0 

r m s  

TRA for TRA for TRA for TRA for TRA for 
8, = 20 m r  8, = 50 m r  8, = 100 m r  8, = 200 m r  e, = 900 
Pred. Meas. Pred. Meas. Pred. Meas. Pred. Meas. Pred. Meas. 

66.87 66.43 39.33 39.07 22.55 22.49 11.97 11.92 2.42 2.42 
63.34 63.86 37.67 37.93 21.72 21.82 11.56 11.55 2.34 2.34 
65.14 65.07 38.51 38.49 22.14 22.17 11.77 11.75 2.38 2.38 
66.96 66.05 39.36 38.85 22.56 22.45 11.98 11.92 2.42 2.42 
64.65 64.31 38.28 38.04 22.03 21.91 11.71 11.61 2.37 2.36 

0.53 0.30 0.09 0.06 0.01 

- 
TR4 for TRA for TRA for TRA fo r  TRA fo r  

Profile N* 8, = 20 mr 8, = 5 0 m r  8, = 100 m r  3 ,  = 200 mr e, = 90" 
Pred. Meas. Pred. Meas. Pred. Meas. Pred. Meas. Pred. Meas. 

1 388.5 75.71 76.27 43.40 43.71 24.56 24.85 12.83 12.10 2.61 2.65 
3 383.5 75.16 75.67 43.26 43.56 24.53 24.81 12.83 13.09 2.61 2.65 
4 373.5 74.06 71.66 42.97 41.12 24.58 23.46 12.82 12.39 2.61 2.51 
5 402.5 77.27 76.89 43.80 43.35 24.65 24.55 12.84 12.93 2.61 2.62 
6 393.5 76.27 76.15 43.54 43.35 24.59 24.62 12.84 12.98 2.61 2.63 

r m s  1.14 0.87 0.54 0.27 0.05 

Profile 

1 
3 
4 
5 
6 

r m s  

TR4 for TRA for TRA for TRA for TRA for 
6, = 90" N B  8, = 20 m r  6, = 50 m r  8, = 100 m r  8, = 200 m r  

Pred. Meas. Pred. Meas. Pred. Meas. Pred. Meas. Pred. Meas. 

388.5 75.72 76.27 43.42 43.71 24.57 24.85 12.83 13.10 2.61 2.65 
383.5 74.91 75.67 43.06 43.56 24.40 24.81 12.75 13.09 2.60 2.65 
373.5 73.29 71.66 42.35 41.12 24.07 23.46 12.59 12.39 2.57 2.51 
402.5 78.02 76.89 44.40 43.35 25.04 24.55 13.06 12.93 2.66 2.62 
393.5 76.54 76.15 43.77 43.35 24.73 24.62 12.92 12.98 2.63 2.63 

_____ ~~ 

0.99 0.79 0.42 0.22 0.04 



Table I (continued) 

Predicted and Measured TRA Values. (The measured TRA values tabulated under "Meas." were obtained from 
the Boulder Laboratories, National Bureau of Standards, who ray-traced the refractivity profiles measured 

by radiosondes at the thirteen sites.) 

STATION 26411 

Method I 

TRPL for  
8, = 20 m r  
Pred. Meas. 

TRA for 
8, = 200 m r  
Pred. Meas. 

TRA T o r  
8, = 50 m r  
Pred. Meas. 

TRA for  
8, = 100 m r  
Pred. Meas. 

21.83 21.53 
21.67 21.23 
21.93 22.26 
21.77 22.04 
21.79 22.27 

0.37 

N S  Profile 

r m s  

eo = 900 
Pred. Meas. 

313.1 
291.0 
328.0 
305.0 
307.0 

63.41 62.99 
61.12 60.84 
64.92 65.45 
62.56 63.48 
62.77 63.96 

37.81 37.41 
37.13 36.69 
38.24 38.66 
37.56 38.13 
37.62 38.46 

11.53 11.41 
11.51 11.26 
11.54 11.79 
11.52 11.69 
11.52 11.83 

0.23 

2.35 2.31 
2.35 2.28 
2.35 2.39 
2.35 2.37 
2.35 2.40 

0.05 0.75 0.56 

Method I1 TRA90~,p= 0.0022295 Ns + 1.6635 

TRA for  
8, = 20 m r  
Pred. Meas. 

TRA for 
8, = 100 m r  
Pred. Meas. 

TRA for 
8, = 200 m r  
Pred. Meas. 

~ 

TRA for 

Pred. Meas. 
e, = goo 

'IRA for 
8, = 50 mr 
Pred. Meas. 

37.92 37.41 
36.63 36.69 
38.79 38.66 
37.51 38.13 
37.57 38.46 

0.54 

Profile 

r m s  

313.1 
291.0 
32.80 
305.0 
307.0 

63.55 62.99 
60.50 60.84 
65.63 65.45 
62.42 63.48 
62.70 63.96 

21.91 21.53 
21.34 21.23 
22.30 22.26 
21.70 22.04 
21.75 22.27 

11.58 11.41 
11.31 11.26 
11.75 11.79 
11.48 11.69 
11.50 11.83 

2.36 2.31 
2.31 2.28 
2.39 2.39 
2.34 2.37 
2.35 2.40 

0.80 0.33 I 0.19 I 0.04 I 

THE COMPUTATION PROCEDURE 

For each profile, then, TRAgoo is estimated either by using Method I (TRAgOo) o r  Method I1 
( T R A ! , , ~ , ~ )  . The parameter d is determined by dividing N, by this estimate as in Equation 12. As 
mentioned, substituting the above parameters, together with the angle 8, , into Equation 4 for AR 
yields too smal l  a correction and a two-step iterated computation becomes necessary: (1) com- 

~ 

puting the approximate bending angle b,, by 
integrating the normal component of the 
gradient of refractivity along the apparent 
line of sight, i.e., by using Equation 10 with 
yo = 8, , and (2) integrating the refractivity 
along the radial yo  = 8, - 0.5 b o ,  i.e., setting 
a = 0.5.  However, it was found that a nega- 
tive bias of over 2 m in TRA prediction a t  1" 
elevation still remained. Modifying step 2 
by integrating along the radial 8, - 0.75 bo 

reduced the bias considerably, as shown in 
Table 2. 

Table 2 

Effect of yo on TRA Prediction E r r o r  for 
Station 12,839, 8, = 20 m r  e l " )  

Predicted 
Error  

-3.39 72.96 -0.33 
-1.84 +0.75 
-2.04 71.18 +1.04 
-2.72 73.29 +0.77 
-2.20 71.02 +0.89 

Profile TRA(m) , 

8, - 0.50 b 

69.90 
65.78 
68.10 
69.80 
67.93 

73.29 
67.62 
70.14 
72.52 
70.13 

I I 
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It appears that integrating the refractivity along some radial intermediate between 8, - 0.5 bo 

and 8, - 0.75  bo would give a still more accurate prediction of TRA. However, since the r m s  e r r o r  
in the prediction of TRA at 8, = 20 m r  (21") is roughly 1 m, and since this appears entirely accep- 

I 
I 

table, i t  was decided not to further refine the prediction procedure. 
, 

The computing procedure then consists of the following three steps: 

1. Obtain N, , B o ,  and the exponential factor d ,  in N = N, e-d(h-hs) . The factor d may be deter- 

I 

mined either by Method I (constant equivalent tropospheric thickness) or  Method II (regression 
analysis). 

I 2. Compute the approximate bending angle bo, 

where 

g -  - E t a n e o  . 

3. Let 

3b0 
= e o - -  4 

and compute 

where 

PREDICTION RESULTS 

Predictions of TRA were computed for  the thirteen stations and 5 profile types indicated in 
Table I using Method I and Method II. The 6th profile type, number 2, was reserved for independ- 
ent testing, to be explained below. Table I summarizes the results of these predictions for all 
thirteen stations, giving the predicted and measured TRA, as well as the rms  e r ro r  in meters, for  

15 



each station, for  various initial ray  elevations from 20 m r  (21") to 90". The overall rms  predic- 
tion e r ro r s  of the 5 profiles for the different stations a r e  in Table 3 .  

r o  = 20 m r  'H, = 50 m r  0, = 100 m r  
('"1") ( 2 3 " )  (2 6") 

Method 

I 0.95 0.75 0.50 
I1 0.80 0.54 0.28 

r o  = 200 m r  H ,  = 90" (?E0) 

0.30 0.062 
0.16 0.032 

Because only 5 samples of profiles were used to determine the station parameters, the pre- 
dictions involve not merely knowledge of N s ,  but, to some small degree, knowledge of N(h) dh for 
each profile. To eliminate this slight dependence on information regarding the profile whose 
T R ~  is being predicted, predictions were made for a type 2 profile using the site characteristics 
already computed from the other 5 profile types. The rms  prediction e r ro r s  averaged over all 
the stations a re  tabulated in Table 4 for initial ray angles of 20 m r  (:lo), 50 mr  (-3"), 100 m r  (* 6"), 
and 200 m r  (212"). 

s 

The predicted TRA for this profile type 
had a negative bias, being almost always 
less  than the m&WJJred value. This would 

Table 4 

Prediction Er ro r s  in r m s  for  Type 2 Profiles (meters) .  

I I I 

appear to be due to the unusual nature of 
the profile, since by definition (Refer- 
ence 9) i t  is the "profile with the highest 
value of Ns found for that station over 
period of record, but not having an initial 
gradient in excess of 100 N-units per km, 
nor any elevated layer with a gradient in 

(? 12") 

0.57 

excess of 156.9 N-unitS per km." 
than 1 m at 1 degree target elevation. 

Nevertheless, the rms  e r ro r  for Method I1 is still less  

On comparing the accuracy of the prediction methods described herein with that of the Con- 
vair method (Reference lo), i t  can be seen that the latter deteriorates rapidly at low angles, its 
residual error  for ti = 0 .57"  exceeding 12 m (see Table 10, Reference 10); for the same angle, the 
residual error  of a method described in Table 5, type 2 profiles (Method 11), equals 1.67 m. It 
should be mentioned that the m data which were ray-traced by Convair, and which constitute the 
raw data from which their predictions a r e  derived, differ considerably from the results computed 
by NBS, the difference arising partly from an approximation in the Convair ray-tracing program 
whose e r ror  becomes appreciable a t  low angles. 

The samples in Table 5, taken at random, illustrate the magnitude of the differences in computed 
TRA. Besides the large discrepancies in moo, even the TRA,,~ data differ by as much as 2 percent. 
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Because the NBS ray-tracing program has 
been carefully checked and analyzed for  accu- 
racy (Reference 3), the differences between the 
TRA computed by NBS and Convair a r e  attributed 
to computational errors in the latter's program. 

CONCLUSION 

This investigation has demonstrated that, in 
lieu of measuring the refractivity profile, ray- 
tracing the measured profile, and thereby deter- 
mining the tropospheric range adjustment to be 
made for the indicated range, the tropospheric 

Station 

Table 5 

Comparison Between Convair and NBS 
Computations of TRA. 

14834 
12839 
13983 
14764 
23062 
23236 
- 

Profile 
tYPe Convair 

105.9 
109.7 
93.75 
108.19 
98.9 
107.23 

NBS 

206.2 
130.5 
104.7 
126.27 
149.6 
142.3 

2.565 

range adjustment may be approximated in realtime within a few percent by using a simple formula 
(Equation 16) into which the surface refractivity is substituted. Even for  the extremely atypical 
profiles tested, the r m s  e r r o r  in predicted TRA amounted to only 1.6 m at e, = 20 m r  (21") target 
elevation for Method I, and half this amount fo r  Method II. For less atypical profiles, the prediction 
e r r o r s  will certainly be less, ranging roughly from about 1 m e ,  = 20 m r  (21") to about0.06 m at 90". 
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